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Abstract
In the paper, the authors establish explicit formulas for the Dowling
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1 Introduction
Lah numbers, denoted by Ln,k, were first introduced by Ivo Lah as coefficients
of the following relations
(−x)n =
n∑
k=0
Ln,k(x)k, (1)
(x)n =
n∑
k=0
Ln,k(−x)k, (2)
where (x)n is the well-known Pochammer symbol for the falling factorial defined
by
(x)n =
{
x(x − 1) · · · (x− n+ 1), n ≥ 1
1, n = 0.
(3)
Note that
(−x)n = (−1)
n(x)(x + 1) . . . (x+ n− 1) = (−1)nx(n)
where x(n) is the well-known Pochammer symbol for the rising factorial defined
by
x(n) =
{
x(x+ 1) · · · (x+ n− 1), n ≥ 1
1, n = 0.
(4)
Hence, relation (1) can be expressed as
x(n) =
n∑
k=0
(−1)nLn,k(x)k =
n∑
k=0
L(n, k)(x)k,
where the numbers L(n, k) := (−1)nLn,k are called the signless Lah numbers,
which can be interpreted combinatorially as the number of ways to partition an
n-set into k nonempty linearly ordered subsets [19]. If we remove the condition
that elements in each subset in the partition are linearly oredered, the number of
resulting partitions is equal to the Stirling number of the second kind, denoted
by S(n, k). Moreover, the number of partitions of an n-set into any number of
nonempty subsets gives the Bell numbers
Bn =
n∑
k=0
S(n, k).
The Lah numbers Ln,k satisfy the following recurrence relations
Ln+1,k = −Ln,k−1 − (n+ k)Ln,k, (5)
Ln+1,k =
n−k+1∑
i=0
(−1)i+1(k + n)iLn−i,k−1, (6)
Ln,k =
n−k∑
i=0
(−1)i+1〈n+ k + 1〉iLn+1,k+i+1, (7)
with Ln,0 = 0, Ln,k = 0 for n < k, and L1,1 = −1. These relations can be used
to compute quickly the first values of Ln,k.
From earlier studies, the exponential generating function and explicit for-
mula for Lah numbers are respectively given by
Lk(t) =
∑
n≥0
Ln,k
tn
n!
=
1
k!
(
−t
1 + t
)k
, (8)
and
Ln,k = (−1)
n
(
n− 1
k − 1
)
n!
k!
. (9)
Hence, the signless Lah numbers can be expressed as
L(n, k) =
(
n− 1
k − 1
)
n!
k!
.
These are exactly the numbers that appeared in the expansion of the nth deriva-
tive of the exponential function e±1/t. That is,
dn
dtn
e±1/t = (−1)ne±1/t
n∑
k=0
(±1)kL(n, k)
1
tn+k
,
(see [2, 30, 40]). By taking t = ex and using the famous Faa di Bruno’s Formula
given by
dn
dtn
f ◦ g(t) =
n∑
k=0
f (k)(h(t))Bn,k(h
′(t), h′′(t), . . . h(n−k+1)(t))
where Bn,k(x1, x2, . . . , xn−k+1) is the Bell polynomial of the second kind satis-
fying
Bn,k(x1, x2, . . . , xn−k+1) =
∑
1≤i≤n,li∈N∑n
i=0
ili=n∑n
i=0
li=k
n!∏n−k+1
i=1 li!
n−k+1∏
i=1
(xi
i!
)li
with Bn,k(1, 1, . . . , 1) = S(n, k), F. Qi [26] proved that the Bell numbers can be
expressed in terms of the Lah numbers and the Stirling numbers of the second
kinds by
Bn =
n∑
k=0
(−1)n−k


k∑
j=0
L(k, j)

S(n, k). (10)
We call (10) the Qi formula for the Bell numbers. In the same paper [26], F. Qi
provided an alternative proof for (10) using the identity for the Lah numbers
expressed as the sum of the product of the Stirling numbers of the first and
second kinds given by
Ln,k =
n∑
j=k
(−1)js(n, j)S(j, k) (11)
and the inverse relation between the Stirling numbers of the first and second
kinds
fn =
n∑
k=0
S(n, k)gk ⇐⇒ gn =
n∑
k=0
s(n, k)fk.
Other properties of the Bell numbers and that of the Lah and the Stirling
numbers can be found in the recent papers of F. Qi [30, 31, 32].
In this paper, we express some Dowling type numbers (also known as the
Bell type numbers) in terms of certain generalizations of the Lah numbers and
the Stirling numbers of the second kind.
2 Whitney-Lah Numbers
Whitney numbers of Dowling lattices have been introduced by Dowling [17]
based on a class of geometric lattices associated with a finite group G of order
m. These numbers satisfy the following relations
mn
(
x− 1
m
)
n
=
n∑
k=0
wm(n, k)x
k,
xn =
n∑
k=0
mkWm(n, k)
(
x− 1
m
)
k
,
which can be written as
(x − 1|m)n =
n∑
k=0
wm(n, k)x
k, (12)
xn =
n∑
k=0
Wm(n, k)(x − 1|m)k, (13)
where m is a positive integer and
(x|m)k =
k−1∏
i=0
(x− im) (14)
is called the generalized factorial. The Whitney numbers of the second kind
satisfy the following recurrence relation
Wm(n, k) = Wm(n− 1, k − 1) + (1 +mk)Wm(n− 1, k). (15)
Further investigation has been done by Benoumhani [1] that yields several prop-
erties for Wm(n, k), including an interesting relation
Wm(n, k) =
n∑
i=k
(
n
i
)
mi−kS(i, k), n ≥ 0, 0 ≤ k ≤ n.
It is known that Benoumhani was the first one to call the numbers
Dn(m) =
n∑
k=0
Wm(n, k)
as the Dowling numbers. Parallel to the Qi formula (10), it is interesting to de-
rive an explicit formula for the Dowling numbers in terms of certain generaiza-
tions of the Lah numbers (Whitney-Lah numbers) and the Whitney numbers of
the second kind.
Now, parallel to (1) and (2), we can define the Whitney-Lah numbers, de-
noted by LWn,k(α), as coefficients of the following relations
(−x− 1|α)n =
n∑
k=0
LWn,k(α)(x − 1|α)k (16)
and
(x− 1|α)n =
n∑
k=0
LWn,k(α)(−x − 1|α)k. (17)
One important property of these Whitney-Lah numbers is their inverse re-
lation. To obtain this, first we need to establish the following orthogonality
relation.
Theorem 2.1. The Whitney-Lah numbers satisfy the following orthogonality
relations
n∑
k=p
LWn,k(α)L
W
k,p(α) = δn,p (18)
where δn,p is the Kronecker delta.
Proof. Using the relations in (16) and (17), we get
(−x− 1|α)n =
n∑
k=0
LWn,k(α)(x − 1|α)k =
n∑
k=0
LWn,k(α)
k∑
p=0
LWk,p(α)(−x − 1|α)p
=
n∑
p=0


n∑
k=p
LWn,k(α)L
W
k,p(α)

 (−x− 1|α)p
Thus, we obtain the desired orthogonality relation.
The following theorem contains an inverse relation for the Whitney-Lah
numbers, which can be shown using the above orthogonality relation.
Theorem 2.2. The Whitney-Lah numbers satisfy the following inverse rela-
tions:
fn =
n∑
k=0
LWn,k(α)gk ⇐⇒ gn =
n∑
k=0
LWn,k(α)fk (19)
fk =
∞∑
n=k
LWn,k(α)gn ⇐⇒ gk =
∞∑
n=k
LWn,k(α)fn (20)
To generate quickly the first values of the Whitney-Lah numbers, we need
to establish some recurrence relations. Here, we give three types of recurrence
relations: the triangular recurrence relation, vertical recurrence relation and
horizontal recurrence relation.
Theorem 2.3. The Whitney-Lah numbers satisfy the following triangular, ver-
tical and horizontal recurrence relations:
LWn+1,k(α) = −L
W
n,k−1(α) − ((k + n)α+ 2)L
W
n,k(α), (21)
LWn+1,k(α) =
n−k+1∑
i=0
(−1)i+1{n+ k}iαL
W
n−i,k−1(α), (22)
LWn,k(α) =
n−k∑
i=0
(−1)i+1{n+ k + 1}iαL
W
n+1,k+i+1(α) (23)
where {x}
i
α :=
∏i−1
j=0((x − i)α+ 2) and {x}
i
α :=
∏i−1
j=0((x + j)α+ 2).
Proof. To prove (21), we write (16) as
n+1∑
k=0
LWn+1,k(α)(x−1|α)k = (−x−1|α)n(−x−1−nα)
= (−1)
[ n∑
k=0
LWn,k(α)(x − 1|α)k(x − 1− kα+ kα+ nα+ 2)
]
= −
n+1∑
k=0
LWn,k−1(α)(x|α)k −
n+1∑
k=0
((k + n)α+ 2)LWn,k(α)(x − 1|α)k
=
n+1∑
k=0
[
− LWn,k−1(α) − ((k + n)α+ 2)L
W
n,k(α)
]
(x− 1|α)k.
Then, comparing coefficients of (x−1|α)k yields the desired triangular recurrence
relation.
The vertical recurrence relation in (22) can be obtained by repeated appli-
cation of (21). That is, we have
LWn+1,k(α) = (−1)L
W
n,k−1(α)+(−1)
2((k+n)α+2)LWn−1,k−1(α)
+ (−1)3((k + n)α+ 2)((k + n− 1)α+ 2)LWn−2,k−1(α)
+ (−1)4α3
2∏
i=0
((k + n− i)α+ 2)LWn−3,k−1(α)
+ · · ·+ (−1)n−k+2αn−k+1
n−k∏
i=0
((k + n− i)α+ 2)LWn−(n−k+1),k−1(α).
which is exactly (22). To prove the horizontal recurrence relation in (23), we
simply evaluate the right-hand side of (23) using (21).
Using recurrence relation in (21), we can generate quickly the following table
of values for LWn,k(α).
n\k 0 1 2 3
0 1
1 −2 −1
2 2(α+ 2) 2(α+ 2) 1
3 −4(α+ 1)(α+ 2) −6(α+ 1)(α+ 2) −6(α+ 1) −1
Table 1
Remark 2.4. Recently, F. Qi [27, 28] derived interesting forms of recurrence
relations, called diagonal recurrence relations, for the Stirling numbers of the
first and second kinds. The method used in deriving such recurrence relation
is quite impressive. Hence, it is also interesting to derive diagonal recurrence
relations for the Whitney-Lah numbers using this method.
3 Explicit formula for Dowling numbers
One can easily verify using (12) and (13) that the Whitney numbers satisfy the
following orthogonality and inverse relations
n∑
k=j
Wα(n, k)wα(k, j) =
n∑
k=j
wα(n, k)Wα(k, j) = δn,j (24)
fn =
n∑
k=0
wα(n, k)gk ⇐⇒ gn =
n∑
k=0
Wα(n, k)fk. (25)
The following theorem contains a relation which is parallel to the above orthog-
onality relation of Whitney numbers.
Theorem 3.1. The Whitney-Lah numbers satisfy
LWn,j(α) =
n∑
k=j
(−1)kwα(n, k)Wα(k, j). (26)
Proof. Note that (12) can be rewritten as
(−t− 1|α)n =
n∑
k=0
(−1)kwα(n, k)t
k. (27)
Substitute (13) in (27),
n∑
j=0
LWn,j(α)(t − 1|α)j =
n∑
k=0
(−1)kwα(n, k)
k∑
j=0
Wα(k, j)(t− 1|α)j
=
n∑
k=0
k∑
j=0
(−1)kwα(n, k)Wα(k, j)(t− 1|α)j .
Thus, comparing coefficients of (t− 1|α)j proves the theorem.
The following theorem contains an explicit formula for the Dowling numbers
which is expressed in terms of Whitney numbers of the second kind and the
Whitney-Lah numbers.
Theorem 3.2. The Dowling numbers equal
Dn(α) =
n∑
j=0
(−1)n−j
[
j∑
k=0
(−1)jLWj,k(α)
]
Wα(n, j). (28)
Proof. The identity in (26) can be expressed as
LWn,k(α) =
n∑
j=k
wα(n, j)(−1)
jWα(j, k). (29)
Using the inverse relation in (25) with
gj = (−1)
jWα(j, k) and fn = L
W
n,k(α),
equation (29) yields
Wα(n, k) =
n∑
j=0
(−1)nWα(n, j)L
W
j,k(α)
Dn(α) =
n∑
j=0
n∑
k=0
(−1)nWα(n, j)L
W
j,k(α).
The following table contains the first values of Dowling numbers Dn(α) and
Whitney numbers W (n, k;α) when α = 3.
W3(n, k)
Dn(3) n\k 0 1 2 3
1 0 1
2 1 1 1
7 2 1 5 1
35 3 1 21 12 1
Table 2
Now, we can verify the formula in (28) using Tables 1 and 2. For n = 3 and
α = 3, we have
D3(3) = (−1)
3
3∑
j=0
(−1)3−j
[
3∑
k=0
(−1)jLWj,k(3)
]
W3(3, j)
= −(1(1)− 3(21) + 21(12)− 225(1)) = 35.
Note that these values ofD2(3) andD3(3) coincide with the values that appeared
in the first column of Table 2.
Remark 3.3. When α = 1, (28) reduces to
Dn(1) =
n∑
j=0
(−1)n−j
[
n∑
k=0
(−1)jLWj,k(1)
]
W1(n, j). (30)
It is worth noting that, when α = 1, the above-mentioned finite group G is just
a trivial group and that the Dowling lattice is isomorphic to Πn+1, the lattice
of partitions of an (n+ 1)-element set. It follows that
Bn+1 = Dn(1) and S(n+ 1, j + 1) =W1(n, j).
Hence, (30) can be expressed as
Bn+1 =
n∑
j=0
(−1)n−j
[
n∑
k=0
(−1)jLWj,k(1)
]
S(n+ 1, j + 1).
We can verify this formula for particular values of n, say n = 3. That is,
B4 =
3∑
j=0
(−1)3−j
[
3∑
k=0
(−1)jLWj,k(1)
]
S(4, j + 1)
= (−1)[1] + (1)[3](7) + (−1)[13](6) + (1)[73](1) = 15.
4 Explicit formula for r-Bell numbers
In 1984, certain generalizations of the classical Stirling numbers were introduced
by Broder [3]. These numbers are called the r-Stirling numbers of the first and
second kinds which are denoted by
[
n
k
]
r
and
{
n
k
}
r
, respectively. They are
defined combinatorially as follows:[
n
k
]
r
:= the number of permutations of an n-set into k nonempty
cycles such that the numbers 1, 2, . . . , r are in distinct
cycles.{
n
k
}
r
:= the number of partitions of an n-set into k nonempty
subsets such that the numbers 1, 2, . . . , r are in distinct
subsets.
These numbers have some properties (see [3]), which are parallel to those of the
classical Stirling numbers. F. Qi has mentioned in [29] that these numbers are
equivalent to the weighted Stirling numbers of Carlitz [6], denoted by Sr(n, k),
which can be generated by
(et − 1)k
k!
ert =
∞∑
n=0
Sr(n, k)
tn
n!
.
This is exactly the generating function that generates the r-Stirling numbers of
the second kind in [3, p. 250, Theorem 16].
Recently, Nyul and Racz [25] also defined combinatorially the r-Lah numbers
parallel to the definition of r-Stirling numbers of the second kind. Precisely, the
r-Lah numbers are defined by⌊
n
k
⌋
r
:= the number of partitions of a set with n+ r elements into
k + r nonempty ordered subsets such that r distinguished
elements have to be in distinct ordered blocks.
These numbers satisfy the following identities and relations⌊
n
k
⌋
r
=
n∑
j=k
[
n
j
]
r
{
j
k
}
r
(31)
bn =
n∑
j=0
[
n
j
]
r
aj ⇐⇒ an =
n∑
j=0
(−1)n−j
{
n
j
}
r
bj (32)
(see [25]). It is worth mentioning that the first values of r-Lah numbers can be
computed quickly using the triangular recurrence relation [25]⌊
n+ 1
k
⌋
r
=
⌊
n
k − 1
⌋
r
+ (n+ k + 2r)
⌊
n
k
⌋
r
. (33)
The following table can be generated using (33) with r = 2 and n = 1, 2, . . . , 5
n/k 0 1 2 3 4 5
0 1
1 4 1
2 20 10 1
3 120 90 18 1
4 840 840 252 28 1
5 6720 8400 3360 560 40 1
Table 3
More interesting results for r-Lah numbers have been established by Nyul
and Racz in [25], including the unimodality, maximizing indices, exponential
generating function, orthogonality relation and some relations that connect r-
Lah numbers and r-Stirling numbers. However, a relation parallel to that in
Theorem 3.2 has not been considered yet in [25].
In 2011, Mezo˝ [24] defined r-Bell numbers, denoted by Bn,r, as the sum of
r-Stirling numbers of the second kind. That is,
Bn,r =
n∑
k=0
{
n
k
}
r
.
Then Bn,r can be interpreted as the number of ways to partition a set with n
elements such that the first r elements are in distincts subsets in each partition.
These numbers have some interesting properties and identities, which can be
found in [24]. The following theorem contains an explicit formula for r-Bell
numbers which is expressed in terms of r-Lah numbers and r-Stirling numbers
of the second kind.
Theorem 4.1. For n ∈ N, the r-Bell numbers Bn,r can be computed in terms
of r-Lah numbers
⌊
n
k
⌋
r
and r-Stirling numbers
{
n
k
}
r
of the second kind by
Bn,r =
n∑
k=0
(−1)n−k
{
n
k
}
r
k∑
j=0
⌊
k
j
⌋
r
. (34)
Proof. Using (31) with bn =
⌊
n
k
⌋
r
and aj =
{
j
k
}
r
, the inverse relation in (32)
gives {
n
k
}
r
=
n∑
j=0
(−1)n−j
{
n
j
}
r
⌊
j
k
⌋
r
.
Replacing j with k gives
{
n
j
}
r
=
n∑
k=0
(−1)n−k
{
n
k
}
r
⌊
k
j
⌋
r
.
Summing up over j from r to n yields
n∑
j=0
{
n
j
}
r
=
n∑
j=0
n∑
k=0
(−1)n−k
{
n
k
}
r
⌊
k
j
⌋
r
.
This is exactly the desired explicit formula.
To verify formula (34), we will use the following table of values for r-Stirling
numbers of the second kind and r-Bell numbers with r = 2,
Bn,r n/k 0 1 2 3 4 5 6
1 0 1
3 1 2 1
10 2 4 5 1
37 3 8 19 9 1
151 4 16 65 55 14 1
674 5 32 211 285 125 20 1
Table 4
This can be generated using the following triangular recurrence relation{
n+ 1
k
}
r
=
{
n
k − 1
}
r
+ (k + r)
{
n
k
}
r
.
Table 4 shows that B3,2 = 37. Using formula (34), we have
B3,2 = (−1)
3(1)(8) + (−1)2(4 + 1)(19) + (−1)1(20 + 10 + 1)(9)
+ (−1)0(120 + 90 + 18 + 1)(1) = 37.
This confirms the value of B3,2.
5 Explicit formula for r-Dowling numbers
The r-Whitney numbers of the second kind are defined in [23] by
mn(x)n =
n∑
k=0
(−1)n−kwm,r(n, k)(mx+ r)
k
and
(mx+ r)n =
n∑
k=0
mkWm,r(n, k)(x)k.
These numbers have some interesting properties including recurrence relations,
generating functions, explicit formulas and their connection with Bernoulli num-
bers (see [22, 23]). Some combinatorial and statistical applications of these
numbers are given in [9] which conclude that these numbers are asymptotically
normal. Asymptotic formulas are completely discussed in [10, 11, 37, 38]. One
can easily verify that these numbers satisfy the inverse relation
fn =
n∑
j=0
(−1)n−jwm,r(n, j)gj ⇐⇒ gn =
n∑
j=0
Wm,r(n, j)fj . (35)
On the other hand, the r-Whitney-Lah numbers are defined by Cheon and Jung
[7] by
Lm,r(n, k) =
n∑
j=k
wm,r(n, j)Wm,r(j, k), (36)
which is parallel to (11). Several properties of Lm,r(n, k) have been derived
through factorization of the r-Whitney-Lah matrix [Lm,r(n, k)]n,k≥0 (see [7])
including the triangular recurrence relation
Lm,r(n, k) = Lm,r(n− 1, k − 1) + (2r + (n+ k − 1)m)Lm,r(n− 1, k), (37)
explicit formula
Lm,r(n, k) =
(
n
k
)
[2r|m]n
[2r|m]k
(38)
and horizontal generating function
[x+ 2r|m]n =
n∑
k=0
Lm,r(n, k)(x|m)k
where
[x|m]n = (x)(x +m) . . . (x+ (n− 1)m)
and
(x|m)k = x(x −m)(x− 2m) . . . (x − (k − 1)m).
The triangular recurrence relation in (37) can be used to obtain two more
forms of recurrence relations. More precisely, by repeated application of (37), we
immediately obtain the following vertical recurrence relation for r-Whitney-Lah
numbers:
Lm,r(n+ 1, k + 1) =
n∑
j=k
(2r + (n+ k + 1)m|m)n−jLm,r(j, k). (39)
Moreover, it can be easily verified using (37) that Lm,r(n, k) satisfy the following
horizontal recurrence relation
Lm,r(n, k) =
n−k∑
i=0
(−1)i[2r + (n+ k + 1)m|m]iLm,r(n+ 1, k + i+ 1). (40)
Note that, by taking m = 1, (39) and (40) respectively give the following recur-
rence relations ⌊
n+ 1
k + 1
⌋
r
=
n∑
j=k
(n+ k + 2r + 1)n−j
⌊
j
k
⌋
r
and ⌊
n
k
⌋
r
=
n−k∑
i=0
(−1)i〈n+ k + 2r + 1〉i
⌊
n+ 1
k + i+ 1
⌋
r
.
On the other hand, using the explicit formula of Lm,r(n, k), one can easily
verify that
Lm,r(n, k − 1) + Lm,r(n, k + 1) < [Lm,r(n, k)]
2
is equivalent to k(n− k)(2r + (k − 1)m) < (k + 1)(n− k + 1)(2r + km), which
is obviously true. This implies that (Lm,r(n, k))
n
k=0 is strictly log-concave and
is, consequently, unimodal.
To derive an analogue version of the explicit formula in Theorem 4.1, we
rewrite first the relation in (36) as follows
(−1)nLm,r(n, k) =
n∑
j=k
(−1)n−jwm,r(n, j)(−1)
jWm,r(j, k).
Now, with gj = (−1)
jWm,r(j, k) and fn = (−1)
nLm,r(n, k), the inverse relation
in (35) yields
Wm,r(n, k) =
n∑
j=0
(−1)n−jWm,r(n, j)Lm,r(j, k)
and
Dm,r(n) =
n∑
j=0
(−1)n−j
[
n∑
k=0
Lm,r(j, k)
]
Wm,r(n, j).
This result is formally stated in the following theorem.
Theorem 5.1. The r-Dowling numbers equal
Dm,r(n) =
n∑
j=0
(−1)n−j
[
j∑
k=0
Lm,r(j, k)
]
Wm,r(n, j). (41)
To verify this formula for a specific value of n,m, r, we need the following
table of values for Dm,r(n) and Wm,r(n, k) with m = 2 and r = 2:
W2,2(n, k)
D2,2(n) n/k 0 1 2 3 4
1 0 1 0 0 0 0
3 1 2 1 0 0 0
11 2 4 6 1 0 0
49 3 8 28 12 1 0
257 4 16 120 100 20 1
and the table of values for Lm,r(n, k) where m = 2 and r = 2, which can be
generated using (37):
n/k 0 1 2 3 4
n∑
k=0
L2,2(j, k)
0 1 0 0 0 0 1
1 4 1 0 0 0 5
2 24 12 1 0 0 37
3 192 144 24 1 0 361
4 1920 1920 480 40 1 4361
Using the explicit formula in Theorem 5.1, we get
D2,2(4) =
4∑
j=0
(−1)4−j
[
j∑
k=0
L2,2(j, k)
]
W2,2(4, j)
= (1)(16)− (5)(120) + (37)(100)− (361)(20) + (4361)(1)
= 257.
This is exactly the value of D2,2(4) that appeared in the table.
6 Further Generalization
There are still many forms of generalization of Bell and Stirling numbers that
can possibly be given explicit formula analogous to those in Theorems 3.2, 4.1
and 5.1. For instance, the generalised Stirling numbers of the first and second
kind that appeared in the paper by Tauber [35] are defined respectively by
Pk(x, n) =
n∑
j=0
Cjk,nx
j , k = 1, 2 (42)
and
xn =
n∑
j=0
Djk,nPk(x, j), k = 1, 2 (43)
for any two given sequences of polynomials P1(x, n) and P2(x, n). In relation to
this, certain generalized Lah numbers Ljk,h,n are defined by Tauber [35] as
Pk(x, n) =
n∑
j=0
Ljk,h,nPh(x, j), k 6= h. (44)
Tauber has proved that these numbers satisfy
Lmk,h,n =
n∑
j=m
Cjk,nD
m
h,j. (45)
For appropriate choice of polynomial Pk(x, n), different known pair of Stirling-
type numbers can be deduced from the pair of numbers {Cjk,n, D
j
k,n}. For in-
stance, by taking Pk(x, n) = ((−1)
k−1x− 1|α)n, we have
{Cj1,n, D
j
1,n} = {wα(n, j),Wα(n, j)} ,
{Cj2,n, D
j
2,n} =
{
(−1)jwα(n, j), (−1)
nWα(n, j)
}
,
Lj2,1,n = L
W
n,j(α),
and equation (45) yields
LWn,m(α) = L
m
2,1,n =
n∑
j=m
Cj2,nD
m
1,j =
n∑
j=m
(−1)jwα(n, j)Wα(j,m)
which is exactly the identity in (26). If we let Pk(x, n) = ((−1)
k−1x − (1 −
(−1)k−1)r)n, we have
{Cj1,n, D
j
1,n} =
{
(−1)n−k
[
n
j
]
r
,
{
n
j
}
r
}
,
{Cj2,n, D
j
2,n} =
{
(−1)n
[
n
j
]
r
, (−1)n
{
n
j
}
r
}
,
Lj2,1,n = (−1)
n
⌊
n
j
⌋
r
,
and equation (45) yields
(−1)n
⌊
n
m
⌋
r
= Lm2,1,n =
n∑
j=m
Cj2,nD
m
1,j =
n∑
j=m
(−1)n
[
n
j
]
r
{
j
m
}
r
or ⌊
n
m
⌋
r
=
n∑
j=m
[
n
j
]
r
{
j
m
}
r
which is exactly the identity in (31). Moreover, by taking Pk(x, n) = (x+ (1−
(−1)k−1r|(−1)k−1m)n, we have
{Cj1,n, D
j
1,n} =
{
(−1)n−jwα,r(n, j),Wα,r(n, j)
}
,
{Cj2,n, D
j
2,n} =
{
wα,r(n, j), (−1)
n−jWα,r(n, j)
}
,
Lj2,1,n = Lα,r(n, j),
and equation (45) yields
Lα,r(n,m) = L
m
2,1,n =
n∑
j=m
Cj2,nD
m
1,j =
n∑
j=m
wα,r(n, j)Wα,r(j,m)
which is exactly the identity in (36).
In a separate paper of Tauber [36], the above generalised Stirling numbers
have been shown to satisfy
n∑
m=j
Cmk,nD
j
k,m =
n∑
m=j
Djk,nC
j
k,m = δn,j ,
which implies immediately the inverse relation
fn =
n∑
m=0
Cmk,ngm ⇐⇒ gn =
n∑
m=0
Dmk,nfm.
Applying this inverse relation to (45) yields
Dmh,n =
n∑
j=0
Djk,nL
m
k,h,j,
and
n∑
m=0
Dmh,n =
n∑
m=0
n∑
j=0
Djk,nL
m
k,h,j . (46)
Thus, if we denote the right-hand side of (46) by Bh,n, then we have
Bh,n =
n∑
j=0
[
n∑
m=0
Lmk,h,j
]
Djk,n. (47)
One can easily verify that, with k = 2 and h = 1, (47) gives the explicit formulas
in Theorems 3.2, 4.1 and 5.1.
The unified generalization of Stirling numbers {S1(n, k), S2(n, k)} are de-
fined by Hsu and Shiue [21] as coefficients of the following expansion
(t|α)n =
n∑
k=0
S1(n, k)(t− γ|β)k (48)
and
(t|β)n =
n∑
k=0
S2(n, k)(t+ γ|α)k (49)
where {S1(n, k), S2(n, k)} = {S(n, k;α, β, γ), S(n, k;β, α,−γ)}. These numbers
satisfy
m∑
k=n
S1(m, k)S2(k, n) =
m∑
k=n
S2(m, k)S1(k, n) = δm,n
and
fn =
n∑
k=0
S1(n, k)gk ⇐⇒ gn =
n∑
k=0
S2(n, k)fk. (50)
To obtain an explicit formula analogous to those in Theorems 3.2, 4.1 and 5.1,
one must define a generalized Lah-type numbers L(n, j;α, β, γ) such that
L(n, j;α, β, γ) =
n∑
k=j
(−1)kS2(n, k)S1(k, j). (51)
Then, by applying the inverse relation in (50), we have
(−1)nS1(n, j) =
n∑
k=0
S1(n, k)L(k, j;α, β, γ)
and
S(n, j;α, β, γ) = (−1)n
n∑
k=0
S(n, k;α, β, γ)L(k, j;α, β, γ).
Consequently, the generalized Bell numbers Wn in [21] defined by
Wn =
n∑
j=0
S(n, j;α, β, γ),
can be expressed in terms of the unified generalization of the Stirling numbers
and certain generalized Lah-type numbers as
Wn =
n∑
k=0
(−1)n

 n∑
j=0
L(k, j;α, β, γ)

S(n, k;α, β, γ). (52)
It is worth mentioning that the generalized Stirling numbers cn,k defined by N.
Cakic´ [4] as
(x|α)n =
n∑
k=0
cn,k(x|1)k,
can be expressed in terms of the unified generalization of the Stirling numbers
by replacing α with −α, β with 1 and γ with 0. That is,
cn,k = S(n, k;−α, 1, 0).
Hence, if we denote the sum of cn,k by Bˆn(α), that is,
Bˆn(α) =
n∑
k=0
cn,k,
then using (52)
Bˆn(α) =
n∑
k=0
(−1)n

 n∑
j=0
L(k, j;−α, 1, 0)

 cn,k.
Furthermore, with α = 0 and γ = r, we get
wβ(n, k) = S(n, k;β, 0,−1),
Wβ(n, k) = S(n, k; 0, β, 1),
LWn,k(β) = L(n, k; 0, β, 1),
and the explicit formula in (52) coincides with that in Theorem 3.2. When
α = 0, β = 1 and γ = r, we have[
n
k
]
r
= S(n, k; 1, 0,−r),
{
n
k
}
= S(n, k; 0, 1, r),
⌊
n
k
⌋
r
= (−1)nL(n, k; 0, 1, r),
and the explicit formula in (52) coincides with that in Theorem 4.1. Lastly,
when α = 0 and γ = r, we get
wβ,r(n, k) = (−1)
n−kS(n, k;β, 0,−r),
Wβ,r(n, k) = S(n, k; 0, β, r),
Lβ,r(n, k) = (−1)
nL(n, k; 0, β, r),
and the explicit formula in (52) coincides with that in Theorem 5.1.
On the other hand, further extension of the unified generalization of Stirling
numbers, denoted by S(n, k, α, β, γ; ǫ) is defined by T-X. He [20] as
S(γ, η, α, β, r; ǫ) :=
1
βηΓ(η + 1)
lim
z→r
∆η,ǫβ (〈z〉γ,−α) .
Several properties for S(γ, η, α, β, r; ǫ) are established in [20] including triangular
recurrence relation, explicit formula and exponential generating function. One
can easily verify that the above unified generalization of Stirling numbers by
Hsu and Shuie can be deduced from S(n, k, α, β, γ; ǫ) using the exponential
generating function for S(γ, η, α, β, r; ǫ) with ǫ = 0. That is,
S(n, k;α, β, γ) = S(n, k, α, β, γ; 0)
Then, it would be interesting to consider the following pair and the correspond-
ing Bell-type numbers
{S(n, k, α, β, r; ǫ), S(n, k, β, α,−r; ǫ)} , W (n; ǫ) =
n∑
k=0
S(n, k, α, β, r; ǫ)
as well as Lah-type numbers
L(n, j, α, β, γ, ǫ) =
n∑
k=j
(−1)kS(n, k, β, α,−r; ǫ)S(k, j, α, β, r; ǫ)
and establish explicit formula analogue to that in (52).
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